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;alculation of eigenvectors and invariant subspaces

wuter—-Nool

This paper contains PASCAL procedures for the calculation of eigen-

s of a real possibly defective and/or derogatory matrix and the cor-

nding eigenvectors and invariant subspaces.
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1. INTRODUCTION

In this paper we consider the algebraic eigenvalue problem of real
general matrices, especially of matrices having multiple eigenvalues.

If a matrix is defective, then there is no complete set of eigenvec—
tors. Most published procedures fail to recognize a matrix to be defective
and attempt to give the same number of eigenvectors as eigenvalues. In case
of a defective matrix or one, that is close to a defective matrix, it is
more satisfactory to determine invariant subspaces associated with groups
of eigenvalués.

The vectors Vi sVysee.,V  are said to span an ‘nvariant subspace of A
of order r, if VisVysee.,V  are linearly independent and Avi(i = 1,2,...,1)
lies in that same subspace. The vectors VisVyse..,V  are called principal
vectors or 'grade vectors'. In GOLUB and WILKINSON [2] an algorithm is giv-
en to determine such vectors.

We have chosen the Schur-decomposition as a stable method for calcu-
lating eigenvalues.

The computed eigenvalues of defective and/or derogatory matrices can
be widely distributed around the exact (multiple) eigenvalue. In practice,
it is very difficult to recognize clusters of eigenvalues.

Suppose, we have found a cluster corresponding with eigenvalue A of
order r, then it would be convenient to find an invariant subspace of the
same order by means of the method of Golub and Wilkinson. However, the num-
ber of computed grade vectors is restricted by a chosen tolerance in the
algorithm of Golub and Wilkinson. When the order of the cluster does not.

fit the number of grade vectors that is found, two possibilities are left:

1. one could again calculate the grade vectors with another tolerance
2. the cluster was ill-chosen. One could repeat the calculation with

another cluster size.

In section 5 we shall give some numerical results on the perturbations
of multiple eigenvalues and on the interaction between the order of a clus-
ter and the number of vectors that is found.

In section 2 a brief account is given on the Schur-decomposition. In sec-

tion 3 we shall give an elucidation of the algorithm of Golub and Wilkinson.




Both the Schur-decomposition and the algorithm to determine the grade
ectors are implemented in PASCAL. In section 4 we shall describe the PASCAL

rocedures with their parameters. Moreover, the sourcetexts are listed.

. THE SCHUR-DECOMPOSITION

In this section we shall describe an algorithm for finding all eigen-
alues of a real general matrix. In numerical analysis most of the methods °
or solving the eigenvalue problem for a matrix A of general form depend on
he application of a series of similarity transformations, which converts A
nto a matrix of special form. If a matrix can be reduced to triangular form,
hen the diagonal elements of the triangular matrix are the eigenvalues of
he original matrix. In this paper we shall consider real general matrices
ith eigenvalues, which may be complex. If A has complex eigenvalues and we
educe A to triangular form, then A will be converted into a complex matrix.
ortunately, complex eigenvalues always occur in conjugate pairs. Instead
f reducing A to triangular form, it appears to be more convenient to re-
uce A to a real quasi-triangular form, in which the 2x2 blocks have con-

ugate eigenvalues. In STEWART [9], one can find the following theorem.

HEOREM 2.1. Let A ¢ R ". Then there exists an orthogonal matrix U, such
hat U'AU is real quasi—-triangular. Moreover, U may be chosen so that any
x2 diagonal block of U'AU has only complex eigenvalues (which must there-

ore be conjugates).

The decomposition by unitary transformations to a real quasi-triangular
orm is associated with the name of Schur.

As a consequence of this theorem we have at our disposal a method to
etermine the eigenvalues of A without using complex arithmetic, even when
has complex eigenvalues.

The reduction of A consists of two main parts. We shall first reduce

to upper-Hessenberg form, i.e. to a matrix A(l), such that
(1) .o
es = +1).
alJ 0 (i > j+1)

he latter part of the reduction is performed by means of the QR algorithm.




‘n section 2.1 we shall give a brief account on the reduction to upper-

iberg form. In section 2.2 we shall elucidate the QR algorithm.
'he reduction to upper-Hessenberg form

‘n the literature, several methods are known to reduce a matrix to
‘Hessenberg form (e.g. see WILKINSON [10]). We shall reduce a given
¢ by unitary transformations necessary for the Schur-decomposition.
reduction is based upon pre- and postmultiplications by elementary
:tors, which are also known as elementary Hermitian matrices or as

10lder matrices.
’he QR algorithm

’he QR algorithm with shifts of origin is described by the relations

- - )
Qg (A "k T) Rsl (2.2.1)
s =0,1,2,...
- r et
A, = ROtk I (2.2.2)

QS is orthogonal, RS is upper triangular and ks is a scalar, the shift

.gin. From (2.2.1) and (2.2.2), it follows that
A . =QAQ" (2.2.3)
s+l s s's’ e

.s way, we produce a sequence of similar matrices and it turns out,-
7ith a proper choice of the shift ks, the off-diagonal elements in the
row of AS can be made to approach zero very swiftly. When the QR algo-
is applied to a full matrix, it is computationally very expensive.

:r, when the QR algorithm is applied to an upper-Hessenberg matrix, the
> of work is far less. Moreover, if AO is in upper-Hessenberg form, then
+ the subsequent matrices AS.

'he shift can be chosen in different ways. In order to achieve rapid
‘gence, it is essential that the shift should be close to an eigen-

of AO. Suppose A0 has merely real eigenvalues. If we take kg equal

¥ then the convergence is quadratical for a simple eigenvalue




nd linear for a multiple one. WILKINSON [10] suggested another shift-strat-
gy, which, in practice, appears to give better results. This shift-strategy

an be represented in the following way:

If B(S) is denoted by
a(s) a(S)
(s) n—-In-1 n-1ln
B = (2.2.4)
RO RO
nn-1 nn

(s) (s)

hen ks is chosen to be that eigenvalue of B "7, which is closest to a -

However, even when A is real, some of the eigenvalues may be complex.

0
f B(s) in (2.2.4) has complex eigenvalues, then kS should be complex and
o As+1' In order to avoid complex arithmetic, which is very expensive, one

an use a variant of the QR-algorithm, the so—called 'double' QR-algorithm.

This algorithm is based upon two successive single QR-iteration steps
ith shifts equal to the eigenvalues of the matrix B(S). For further details
f this method we refer to STEWART [9].

Though the convergence of the double QR-algorithm is comparable with
hat of the single QR-algorithm, and, moreover, with only double QR-itera-
ion steps, one could determine the eigenvalues of a real matrix with both
‘eal and complex eigenvalues, we apply a combination of both methods. This
ombination implies, that, if the eigenvalues of the 2x2 bottom righthand
ide corner are real, we perform a single QR-iteration step, otherwise a
ouble QR-iteration step.

For further details see method and performance of subsection 4.2. We

efer also to subsection 5.4.
. AN ALGORITHM FOR DETERMINATION OF GRADE VECTORS

In GOLUB and WILKINSON [2] an algorithm is suggested for the deter-
ination of grade vectors. In this section we shall give some further re-
lections on this method.

Moreover, we have implemented this algorithm in PASCAL for real matri-
es having real eigenvalues (see subsection 4.4). However, this method for

.alculating grade vectors can also be applied to complex matrices.




[ntroduction

Je shall first give a brief account to the theory of canonical forms
1e associated vectors.
et us consider the (complex) matrix A of order n. There exists a non-

lar matrix X, such that
X AX =J, AX = XJ, (3.1.1)

J is the Jordan canonical form (J.c.f.) of A. This J.c.f. is a block
12l matrix with each diagonal block being an elementary Jordan block.

1 block associated with an eigenvalue Ai of A will be denoted by Jr(Ai),

order r. Apart from the ordering of blocks along the diagonal of J,
c.f. is unique. If A is a matrix of order 10 with only 2 distinct

ralues K] and Az, and Al is associated with one block of order 2 and
! order 3, while Az is associated with one block of order 1 and one

ler 4, its J.c.f. could be presented in the form

Jz(xl)
I3
I, () )
I, ()

. consider the J3(A]) block, then we get from (3.1.1):

Ax3 = Afx3, (A-)\II)X3 = 0,
Ax4 = A1x4+x3, (A—)\]I)x4 = Xg, (3.1.2)
AX5 = A1X5+X4, (A—)\II)X5 = X4,




here X, is t
The firs
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Let nj b
alue A. Noti
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ions not les

n
or j = 1,2,.
ultiplicity
k

n the next s
fJ)’xéJ)"

h column vector of X.
hese relations implies, that X4 is an eigenvector of A

. The remaining equations imply

- - 3, -
X, = 0, (A AII) Xg = 0. (3.1.3)
xj which satisfy the relations
Poly. #0  and  (a-2,DPx, = 0 (3.1.4)
J 1 ]
of grade p. Moreover, if such vectors satisfy
xJ = Xj-l’ (3.1.5)

d prineipal vectors.

some more definitions, which should appear in the intro-

id to be defective, if the J.c.f. is not strictly diagonal.
id to be derogatory, if there is at least one Ass which
more than one diagonal block in the J.c.f. .

number of vectors of grade j associated with some eigen-
at n is the number of blocks associated with A in the

nj is the number of those blocks, which are of dimen-

. j. Consequently, we may conclude

+1 (3.1.6)
, while Do = 0. Furthermore, if X is an eigenvalue of
have

n.. (3.1.7
By )

ions, the vectors of grade j will be denoted by




3.2. The algorithm for determination of grade vectors

Let A be a possibly defective and/or derogatory matrix of order n and

let X be an eigenvalue of A of multiplicity k. Consider matrix B, where
B =A- ]I

Let us assume, that B possesses n, singular values equal to zero, then

B is called to be of nullity n . This implies, that A has n. independent

eigenvectors associated with A. If n, < k, then A does not ;ave a complete
set of eigenvectors. In that case, we wish to determine the invariant sub-
space of order k spanned by the vectors of grade 1, grade 2 and those of
higher grade.

The algorithm of Golub and Wilkinson describes a method for calculating
these vectors. In the following subsections, we shall discuss some stages

of the process, starting with the determination of the vectors of grade 1,

the eigenvectors.
3.2.1. The determination of vectors of grade I

In this subsection we shall describe the vectors of grade 1. The vec-

tors are defined by
Bx = 0. (3.2.1.1)
By means of the singular value decomposition (S.V.D) on B, we obtain
B=UZV, (3.2.1.2)

U and V being unitary matrices of order n and I being a diagonal matrix.

From (3.2.1.1) and (3.2.1.2), it follows, that
UHBX = Z(VHX) = Iy. ( (3.2.1.3)

The assumption, B being of nullity n, implies that I must contain n,




iagonal elements equal to zero, supposed to be in the first n, positions.

or this reason, the first n, components of y are arbitrary and we may take

1

or y in turn each of the first n, column vectors of the identity matrix.

1

ence, we can choose as the eigenvectors the first n, column vectors of the

atrix V. Therefore the vectors of grade 1 are orthogonal.
.2.2. The determination of vectors of grade 2

Before we shall describe the second stage of the algorithm, we give

he following lemma.

EMMA 3.2.2. If x 78 any vector of grade s,

hen Bx is a vector of grade s-1 and hence lies in the subspace spanned by

iectors of grade s-1 and possibly by vectors of lower grade.

Hence, if we define
Bx = ([xgl)[xél)l..[xéi)])z, (3.2.2.1)

there z denotes (wl,wz,...,wn )T, then Bx lies in the subspace spanned by
‘he vectors of grade 1. Now, the problem is to find a vector z under the
:ondition of x being a vector of grade 2.

Premultiplication of (3.2.2.1) by UH of (3.2.1.2) gives

utBx = ([U

HXI(]) IUHXEI)

D)z, (3.2.2.2)
1
‘f we denote R, = [UHX§])|UHX§1)I..lUﬂxﬁi)], then (3.2.2.2) becomes

ulBx = R, 2. (3.2.2.3)

lowever, from (3.2.1.2), we know

H
U Bx

Z(VHX) = Iy. (3.2.2.4)




Since the first n, elements of I are equal to zero, z must be a vector, such

that

T
RIZ =p =.(O,...,0,ﬂnl+l,...,ﬂn) . (3.2.2.5)

However, we still have to compute such a vector.

Suppose, we can construct a nonsingular matrix Z, of order n, such

1
that

- % nl'nzW
0..0 Xi o X
S
_ 0..0 X.oX _ _
RiZ = = Cpyl--lp, Ip, 44l--lp, 1 =P (3.2.2.6)
X.eeX  X..X 2 2 1
n Yy

Xe X X. X -

then the first n, column vectors of Z1 satisfy (3.2.2.5). Solving

Ly, = pi(i = 1,2,...,n2) and x. = Vy,, (3.2.2.7)

we obtain the grade vectors x ’

(2) _(2) (2)
1 %2

,...,xn2 . Obviously, the first n,

positions of y; are again arbitrary. Taking the elements zero, then the
vectors of grade 2 are orthogonal to the eigenvectors.
The nonsingular matrix Zl can be conveniently computed by means of an

S.V.D-composition. The matrix R, is partitioned into

1

N
-=53T 3.2.2.8
1
a1 . . . (2) ., .
where R1 being the upper matrix of R1 of order n, and R1 being the

remaining matrix. An S.V.D. on R1 yields

(1) _ H
R =02V (3.2.2.9)




aking Z] = V], we may write

RIZ1 = -z-z-j-- = Pl. (3.2.2.10)

(1)
R1

is of nullity n,, the number of vectors of grade 2, according to
he J.c.f. of A, as defined in subsection 3.1, we shall find all vectors of

rade 2 in the way we have outlined above.

HEOREM 3.2.2. The nullity of Rfl) 18 equal to n

92°

ROOF. Let m be the nullity of Rfl) and suppose m < n,. This means, we have

ot determined all independent vectors of grade 2. Then there will be at
east one vector z, linearly independent of the first m column vectors of
1, such that Rlz 0. However, this is in contradiction with the nullity

( )

» SO necessarily m must be greater than or equal to n,.
Suppose, m > n,. In that case, we did find more vectors, than there
10uld be accordingly to the J.c.f.. Then the vectors found of grade 1 and

are linearly dependent. However, we can prove these vectors to be linearly

adependent. Let x(l) oo il) (2) sesesX ;2) be linearly dependent. Then
1
n, o
z a.xgl)4- z (2)'-0 for some a's and B s#0. (3.2.2.11)
jop 11 L 1 i i

1=1

cemultiplying (3.2.2.11) by UHB yields

n
'l
o0ty 4 ; B, (W'Bx{?) = (3.2.2.12)
i=1 i=1
He m m
= ) U0 + ) B p: = ) B;p. = 0 (3.2.2.13)
i= i=1 i i=1

Since the vectors pi(i = 1,...,m) are linearly independent all 8 s
1ould be zero. Moreover, the vectors x(l),..., él) are linearly 1ndependent,
see subsection 3.2.2), so all ais should be zero too in relation (3.2.2.11).

This implies m is equal to n,.
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3.2.3. The determination of vectors of grade 3 and of higher grade

Analogous to relation (3.2.2.1), we define

Z, (3.2.3.1)

2
= ([x, .Ixéz)lel)l..lxéi)])

so Bx lies in the subspace spanned by vectors of grade 1 and grade 2. Pre-
multiplication by the matrix UH of (3.2.1.2) and extension of the vector z °

to a nonsingular matrix Z of order n +n, yields

H (2) H (1)

uPBx = ([Ufoz)I Utk
. n2

0% Pz, (3.2.3.2)
1

If we take Z = [I JW, where w is a nonsingular matrix of order n.+n. and

A 1 2

where Z1 = V] (see (3.2.2.9)), the relation (3.2.3.2) reduces to

vex = ([ufx (2)]

2,

..|pn2|pn2+1|. n]])w. (3.2.3.3)

The vectors PysPyseesP have already been dealt with and gave us the vec-

(2) (2) (2)° 2
tors x] ' X 2 ,...,xn

Suppose, z is a vector, such that (3.2.3.1) yields a vector of grade
3. If v, is defined by

o.e .y (3.2.3.4)
p 1nyHi

en2+ being the (n +i)-th column vector of the identity matrix, then W, too

is a vector, such that (3.2.3.1) yields a vector of grade 3, or, in case
ag = 0, one of lower grade.

It is evident, that the purpose of the algorithm is to find a set of
independent grade vectors. In order to avoid the matrix W to contain more
than one vector W the column vectors pl,pz,...,pn2 are omitted. Equation
(3.2.3.3) becomes

H H (2)l

IU Dz

n, 9° (3.2.3.5)

YJotice, R2 again is an n by n, matrix and consequently, 22 is of order .
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(1 _ 4 H
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of vectors.

4. THE PROCEDURES

In this section we shall describe the PASCAL-procedures [5], which are
an implementation of the algorithms of the sections 2 and 3. All procedures
were tested on the Control Data Cyber 73/173. In section 4.1, the types,
that are used, are listed. In the sections 4.2, 4.3 and 4.4 we shall give
a brief description of the procedures hessenberg, psthesmat, schur and
gradevec with their parameters. The sourcetexts of the procedures are listed

at the end of each subsection.
4.1. The types

In this section we shall list the types, that are used in the proce-

dures
inxl = 1.. nmax;
subl = 1 .. nmax}l;(* nmax]l = nmax - 1%)
sub2 = 1 .. nmax2;(* nmax2 = nmax - 2x%)
matl = array [inxl, inx1] of real;
vecl = array [subl] of real;
vec2 = array [sub2] of real;

complex = record re, im: real end;
veccl = array [inx1] of complex;
pelement = “element;
element = record number: integer; next: pelement end;
recaux = record tol, correction: real;
maxit, counts, countd: integer
end

gradeaux = record tol, min, max: real end;
4.2. The procedures hessenberg and psthesmat

In this subsection we shall describe two procedures:

—
°

procedure hessenberg.




[his procedure transforms a given matrix A to upper-Hessenbe
>y means of premultiplying and postmultiplying the given mat
rthogonal matrices.
>rocedure psthesmat.
lhis procedure calculates the postmultiplication matrix U fr
lata generated in procedure hessenberg. The transpose of the

>lication matrix is equal to the premultiplication matrix. S

:ading of the procedure hessenberg is:

rocedure hessenberg (var a: matl; n: inxl; var b:

vecl; var pi: vec2);

:aning of the formal parameters is:
v matlg
entry: the given matrix;
exit : the upper triangular matrix (incl. diagonal)
is a part of the upper-Hessenberg matrix; the
strictly lower triangular matrix contains the data

for procedure psthesmat;

inxl;

IA

the order of the matrix; n < nmax;

oo

vecl;
exit: the subdiagonal of the Hessenberg matrix;

vec2;

exit: this array contains data for procedure psthes:
rading of procedure psthesmat is:

yrocedure psthesmat (var a, u: matl; n: inxl;

var pi: vec2);

:aning of the formal parameters is:
matl; '
entry: the data concerning the postmultiplication’

matrix as generated by procedure hessenberg;
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var u : matl;
exit: the postmultiplication matrix;
n ¢ inxl;

the order of the matrix; n < nmax;
var pi: vec2;

entry: the array as generated by procedure hessenberg.

Both procedures make use of the following external functions/procedures
from [6]:

function arreb: real;

function matmat(£, u, i, j: inxl; var a,b: matl): real;
function tammat(£, u, i, j: inxl; var a,b: matl): real;
procedure elmcol(£, u, i, j: inxl; var a,b: matl; s: real);

procedure elmrowvec(£, u, i, j: inxl; var a,b: matl; s: real);
Method and performance:

Let us assume a given matrix A of order n is stored in the array
A[1..nmax, 1..nmax]. The procedure hessenberg reduces A to upper-Hessenberg
form H by pre- and post- multiplying it with orthogonal matrices. The matrix
H is overwritten on A with details on the transformations in the lower tri-
angular matrix. The subdiagonal of H is stored in the array B[I..nmaxl].

The array PI[1..nmax2] contains some further details on the transformations.

The procedure psthesmat calculates the postmultiplication matrix U
from the information stored in the lower triangular matrix of A and the
array PI.

The procedure hessenberg is an implementation of the algorithm des-
cribed in [9]. However, here we skip a transformation, if the column on
which our attention is focussed is already (approximately) in the desired
form; i.e. if the maximum of the absolute values of the elements, that

dought to be zero is smaller than a certain constant.




ource texts:

rocedure hessenberg (225 a: matl; n: inxl; var b: vecl
var pi: vec2);
var k, ki, i, j: inxl;
max, norm, rho, sigma: real;
egin (* hessenberg =)
norm := 0; for i := 1 to n do
for j =1 ton do
if abs (afi,j]) > norm then norm := abs (ali,jl);
for k := 1 ton - 2 do
begin k1 := k + 1; max := 0;
for i := n downto k + 2 do
if abs (ali,k]) > max then max := abs (ali,k]);
if max < arreb * norm then

begin pilk] := 0; bl[k] := alkl,k] end

else
begin if abs (alkl,k]) > max then max := abs (alk
for i := k1 to n do ali,k] := a[i,k]/max;

sigma := sqrt (tammat (kl1, n, k, k, a, a));
if alkl,k] < O then sigma := - sigma;
alkl,k] := alkl,k] + sigma;
pilk] := sigma * alkl,k];
blk] := - max * sigma;
(*» premultiply x*)
for j := kIl ton do
elmcol (kl1, n, j, k, a, a, —tammat (kl, n, k,
/pilk]);
(* postmultiply =x)
for i := 1 to n do
elmrowcol (k1, n, i, k, a, a, -matmat (kl, n,
/pilk])
end
end; b[n-1] := aln,n-1]

ad (* hessenberg =*);
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procedure psthesmat (var a, u: matl; n: inxl; var pi: vec2);
var k, kl, i, j: inxl; '
begin (x psthesmat )
kl :=n - 1;
uln,n] := 1; ulkl,n] := 0; uln,k1] := 0; ulkl,kl] := 1;
for k := n - 2 downto 1 do
begin if pilk] <> O then
for j := k!l ton do
elmcol (k1, n, j, k, u, a,
-tammat (kl, n, k, j, a, u) / pilk]);
for j := k1l to n do
begin ulk,j] := 0; ulj,k] := O end;
ulk,k] := 1; k1 :=k

end

end (* psthesmat *);
4.3, The function schur

In this subsection we shall describe the function schur. This function
calculates the real and/or complex eigenvalues of a real upper-Hessenberg

matrix.
The heading of the function schur is:

function schur (var a: matl; n: inxl; var eig: veccl;

var aux: recaux): integer;

schur := the number of eigenvalues not calculated. So
schur =0 means, that the process is completed

within the maximum allowed number of iterationms.

The meaning of thé formal parameters is:
var a: matl;
entry: the upper-hessenberg matrix;
exit : the matrix is used as working space, so its’

contents is disturbed;




1 : inxl; ’
the order of the matrix; n < nmax;
rar eig: veccl;
the eigenvalues of the matrix;
if only n-k eigenvalues are calculated, then these values
are stored in eiglk+l..n];
rar aux: recaux;
entry:
aux.tol: real;
" the absolute tolerance for the QR-iteration;
aux.correction: real;
see method and performance (this subsection);
aux.maxit: integer;
the maximum allowed number of iterations;
exit:
aux.countd: integer;
the number of QR-double iterations performed;
aux.counts: integer;

the number of QR-single iterations performed;

'unction schur makes use of the following external procedures from [6]:

rocedure rotcol (£, u, i, j: inxl; var a: matl; c, s: real);

rocedure rotrow (£, u, i, j: inxl; var a: matl; c, s: real);
'he local functions/procedures of function schur are:

. function rot2 (var o,B: real): real;
given the scalars a and B, this function returns the scalars y and
2 2 .
0 (y"+0© = 1) and gives as a result the scalar v, such that

(-0
-0 Y/\B/} \\O/

e function rot3 (var a, B, Y, m: real): real;
given the vector (a,B,Y)T, this function returns the scalars

Vis Vys Vg and 7 and gives as a result the scalar v, such that
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/ O ’_'V
- wh s )= o],
Y 0

where V = (v),v,,v,)" and 7 = 4. IvI2.

3. procedure qrsingle (£, u: inxl; shift: real);
this procedure performs one single QR-iteration step on the matrix
al£..u,£..u]. For information about the parameter shift, see method
and performance (this subsection).

4, procedure gqrdouble (£, u: inxl; shift: real);
this procedure performs one double QR-iteration step on the matrix
a[£..u,£..u]. For information about the parameter shift, see method
and performance (this subsection).

5. function deflation (u: inxl): inxl;
this function gives as a result the row number of the first element

on the subdiagonal (from u downto 1), which is smaller than aux.tol.

Method and performance:

The method used in function schur for calculating the eigenvalues
of a real upper-Hessenberg matrix H of order n stored in the array
A[1..nmax,1..nmax] is a combination of the QR-single and QR-double itera-
tion. If the eigenvalues of the lower righthand 2 by 2 matrix (say B) of
the considered principal submatrix H' of H are real or complex, then res-
pectively a QR-single or QR-double iteration step is performed.

In the same way as described in [1, section 241], an iterate H is pér—
titioned into 4 submatrices, if for some k, the absolute value of the k-th
element of the subdiagonal is smaller than a certain tolerance.

Before an actual iteration step is applied on an iterate H', an expli-
cit shift is subtracted from the diagonal elements of H'. The value of this
shift equals the last diagonal element, here called hﬂk’ of H' plus a small
perturbation € (see (4.3.1)). The QR-iteration step (i.e. either a QR-single
o>r a QR-double step) is performed on the shifted matrix Hf. The (explicit)
shift of the QR-single iteration is chosen to be equal to the absolute
smallest eigenvalue of (B-(hﬁk+e)1). The (implicit) shifts of the QR-double

iteration are chosen to be equal to the eigenvalues of (B—(h£k+s)1).




, h&k+€ is added back to the diagonal elements.

e shift hik is disturbed by

¢ = \aux.correction * H'[k,k-1] = H'[k-1,k-2]

mpt any unexpected nonconvergence of the iteration. A
..correction is the square root of the machine precisic
e eigenvalues of submatrices of order 1 and 2 are calc

the process is completed if successive partitionings

al submatrices all of order 1 or 2.

text:

n schur (var a: matl; n: inxl; var eig: veccl;
var aux: recaux) : integer;

og, ogl, bg, i, 1: integer;
corr, delta, det, discr, s: real;
Eigg rot2 (zgz c, s: real): real;
‘ar delta, max: real;
n max := abs (c);
f abs (s) > max then max := abs (s);
. :=c¢ [/ max; s := s / max;
elta := sqrt (sqr (c) + sqr (s));

:= ¢ / deltajs := s / delta;
'ot2 := max * delta

(* rot2 *);

tion rot3 (var a, b, c, pi: real): real;
ar bb, cc, max, sigma: real;
n max := abs (a); bb := abs (b); cc := abs (c);

f bb > max then max := bb; if_cc > max then max := cc;

:=a / max; b := b / max; ¢ := ¢ / max;
igma := sqrt- (sqr (a) + sqr (b) + sqr (c));
f a < 0 then sigma := - sigma;

:= a + sigma; pi := a * sigma;
ot3 := max * sigma

(* rot3 *);

yice

:tly,




ocedure qrsingle (1, u: inxl; shift: real);
var k, kl: integer; .
cl, sl, ¢, s, rot: real;
3in all,1] := a[1,1] - shift;
for k := 1 to u-1 do
begin k1 := k+1; a[kl,k1] := a[kl,kl] - shift;
c := alk,k]; s := alkl,k];
rot := rot2 (c,s);
if k > 1 then
begin alk,k-1] := rot * sl; rot := rot * cl .
alk,k] := rot;
rotrow (kl, u, k, k1, a, c, s);
rotcol (1, k, k, k1, a, c, s);
alk,k] := alk,k] + shift;
cl :=c¢c; sl :=s
end;
alu,u-1] := alu,ul * sl; alu,u] := alu,u] * cl - t;
with aux do counts := counts + 1

1 (+ qrsingle x);

cedure qrdouble (1, u: inxl; shift: real);
var al, a2, a3, pi, rot, tau: real;
js k, k1, k2, k3, k4, 11, ul, min: integer;
yin 11 := 1 + 15 ul :=u - 1;
fork :=1-1tou~-3do
begin k1 := k+l; k2 := k+2; k3 := k+3; k& := k+

if k > = 1 then

begin al := alkl,k]; a2 := a[k2,k]; a3 := a[l
al[1,1] := al1,1] - shift;
al11,11] := a[11,11] - shift;
a2 := alul,ul] - shift;
a3 :=-alu,ul] * alul,ul;
al := (al1,1] % (al1,1] - a2) + a3) / al1ll al1,117;

a2 al1,1] + all1,11] - a2;
a3 := all1+2,11]

ggg else




end; ,

rot := rot3 (al, a2, a3, pi);

if k < 1 then a[k3,k1] := 0 else alkl,k] := -rot;
alk3,k3] := a[k3,k3] - shift;

(x premultiply =)

for j := kl to u do

tau := (al * alkl,j] + a2 = a[k2,j] + a3 % al[k3,j])
alkl,j] := alkl,j] - tau * al;
alk2,j] := a[k2,j] - tau * a2;
alk3,j] := a[k3,j] - tau * a3
end;

(* postmultiply x)
if k4 > u then min := u else

begin min := k4; alk4,kl] := 0; alk4,k2] := 0 end;

for j := 1 to min do
tau := (al x a[j,kl] + a2 = a[j,k2] + a3 = a[j,k3])
alj,k1] := alj,k1] - tau * al;
alj,k2] := alj,k2] - tau * a2;
alj,k3] := a[j,k3] - tau * a3
end;
alkl,kl] := alkl,kl] + shift

end;

al := alul,u-2]; a2 := alu,u-2];

alul,u-2] := rot2 (al,a2);

rotrow (ul, u, ul, u, a, al, a2)

rotcol (1, u, ul, u, a, al, a2);

alul,ul] := alul,ul] + shift; alu,u] := alu,ul] + shift;
with aux do countd := countd + 1

:nd (% qrdouble *);




ction deflation (u: inx1): inxl;
var bg: inxl; '
b: boolean;
in bg := u; b := true;
while b and (bg > 1) do
if abs (albg,bg-1]) > aux.tol then

bg := bg - 1 else
begin b := false; albg,bg-1] := 0 end;
deflation := bg

(* deflation x);

og :=n; for i := 1 to n do eiglil.im := 0;
h aux do
in countd := 0; counts := 0;
while (og > 0) and ((counts + countd) < maxit) do
begin bg := deflation (og); ogl := og - 1;
1 := og - bg;
if 1= 0 then
begin eiglogl.re := alog,ogl; og := ogl end

else

begin

iﬁ.l > 1 then

corr := sqrt (correction * abs (alog,ogll*alogl,
delta := (alogl,ogl] - alog,ogl) / 2;
det := alog,ogl] % alogl,ogl;

discr := sqr (delta) + det;

if discr < 0 then

if_l = 1 then

with eiglog] do

begin re := delta + alog,ogl;
im := sqrt (- discr);
eiglogll.re := re;
eiglogl].im :=-im;
og := og - 2

end




else qrdouble (bg, og, alog,og] + corr)

else

begin if abs(delta) > = tol then
Eggig'delta := 1 / delta;
s := - delta * det / (sqrt(sqr(delta)*det+1)+1)
if det < sqr(delta) then s := 0 else s := sqrt(det);
if 1 =1 then

begin eiglogl.re := alog,og] + s;
eiglogl].re := alogl,ogl] - s;
og :=o0g — 2
qrsingle (bg, og, alog,og] + s + corr)
end

end

end

end (* aux *); schur := og

nd (% schur x);
.4. The procedure gradevec

In this subsection we shall describe the procedure gradevec. 1
f this procedure the grade vectors of a real defective and/or derc

latrix A associated to a real eigenvalue X are calculated.
'he heading of the procedure gradevec is:

procedure gradevec (var a: matl; n, nmax: inxl; lambda:
real; col: inxl; var list: pelement; var pv: matl;

var aux: gradeaux);

'he meaning of the formal parameters is:
‘ar a : matl;
the given matrix;
l,Max : inxl;
n is the order of the matrix; nmax is the length of the

rows and columns in the calling program; nmax = n;
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lambda : real;
the given eigenvalue;
col ¢ inxl;

the column number in which the first grade vector is
stored (input);

var list: pelement;
exit: a dynamic variable to a list of elements; an element
is a record block with two fields: the first field of the
first element contains the number of vectors of grade omne

(tﬁe eigenvectors) associated with lambda; the second field

is a dynamic variable of type element to the next element,
which contains the number of vectors of grade 2 and a dynamic
variable to the next element etc.

the dynamic variable of the last element of list has the
value nil; if list = nil, no grade vectors have been found;

matl;

var pv
exit: the grade vectors are stored in the array
pvll..n,col..col+(k-1)] where k equals the sum of the first
fields of the elements of list}
var aux : gradeaux;
entry:
aux.tol: real;
the absolute tolerance for the singular values;
(see method and performance (this subsection));
exit:
aux.min: real;
the minimum value of the singular values not
neglected;
aux.max: real;
the maximum value of the singular values

neglected;

Procedure gradevec makes use of the following external procedures from [6]:

function giant: real;




unction matmat (£, u, i, j: inxl; var a,b: matl): real;
unction tammat (£, u, i, j: inxl; var a,b: matl): real;
rocedure ichcol (£, u, i, j: inxl; var a: matl);
rocedure plsvalr (Zgﬁ.a: matl; n, m, ja, ju, jv: inxl;

isw: integer; var wk, q: vecl; var u,v: matl);
he local functions/procedures of procedure gradevec are:

. procedure ichval (var a,b: real);
this procedure interchanges the values of a and b;

. function svdsort (var a, u, v: matl; n: inxl; var sigma: vecl): integer;
given the matrix a of order n; the S.V.D-composition on a, consisting
of arrays u and v and sigma, is calculated. Furthermore, the singular
values are sorted such that the singular values smaller than aux.tol
are stored in the first positions of array sigma. Moreover, the column

vectors of u and v are sorted correspondingly.
svdsort := the number of singular values smaller than aux.tol.

If svdsort > 0, then a new element is added to list.

. procedure preuh (var r: matl);
in this procedure the grade vectors, calculated in the previous step
(already stored in pv) are premultiplied by u-transpose (see construc-—
tion of RS (3.2.3.7));

. procedure pstv2 (var p,r: matl);
the matrix r is postmultiplied by the matrix v2 (=V2 in (3.2.3.6))
and stored in the matrix p. Moreover, the first n. column vectors
of p are divided by sigma;

. procedure storepv (var p: matl);
if storepv is called the first time, pv is filled with the first n,
column vector of the matrix vl (= V of (3.2.1.2)), otherwise, with
the first n, column vectors of p premultiplied by vl;

. procedure supervisor (var p,r: matl);
this is a recursive procedure calling itself alternatingly with actual

parameters p,r and r,p. The procedure terminates when no more singular

values smaller than aux.tol are obtained.
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| and performance:

‘he procedure gradevec calculates 'all' grade vectors associated to
:icular real eigenvalue A of a real defective and/or derogatory matrix
: eigenvalues of A should have been found using some stable algorithm
s the QR-algorithm (e.g. by means of the function schur subsection
However, when A is really defective, the computed eigenvalues Ai may
itrary bad. One should find a cluster of computed eigenvalues around
:act eigenvalue. The problem is how to determine which eigenvalues
. to a certain cluster. If one could recognize a cluster of r eigen-
close to A (where r\ = E Ai) one should expect to find r grade vec-
.ssociated to A. However, the procedure gradevec terminates when no
ingular values smaller than aux.tol are found. So, if gradevec finds
e vectors and s # r, one has to change the value of aux.tol. Some
1l is possible by means of aux.min and aux.max. When the quotient
n/aux.max is sufficiently great, there is a good reason to assume hy
'y close to A. Suppose s is still unequal to r, then it is to recom-
o change the cluster format. In most cases, one will find another
sA' = 3 Ai), which is very close to X. See also the numerical results
devec in subsection 5.6.

n figure 4.4.1 a flow chart of procedure gradevec is given.
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e 4.4. A flow-chart of procedure gradevec.




2 text:

dure gradevec (var a: matl; n, nmax: inxl; lambd
col: inxl; var list: pelement; va

var aux: gradeaux);

var i, nl, ni, num: integer;
ul, u2, vl, v2, p, r: matl;
sigma, s: vec3;
pt: pelement;

first: boolean;

ocedure ichval (var a, b: real);
var s: real;

gin s := a; a := b; b := s end;

action svdsort (var a, u, v: matl; no: inxl; var
integer;
label 1;
var k, 1: integer;
wk: vec3;
z: pelement;
zin
with aux do
k :=1; 1 := no + 13
plsvalr (a, no, no, nmax, nmax, nmax, 1, wk,
repeat if sigmalk] >= tol then
repeat 1 :=1 - 1;
if 1 = k then goto I
until sigmall] < tol;
ichcol (1, mno, k, 1, u);
ichcol (1, no, k, 1, v);
ichval (sigmalk], sigmall])

end; k := k + 1

matl;

vec3




until k = 1;
1: if k > 1 then

. A
begin new (z); z .number

o
1l

if first then list := z | xt

end;

for 1 :=1to k- 1do

if sigmal[l] > max then max

for 1 := k to no do

if sigmal[l] < min then min
end; évdsort =k -1

(* svdsort x);

cedure preuh (XEE r: matl);
var i, j: inxl;

X: real;
in

with aux do

for j :=1 to ni do

begin
for i :=1 to nl do
begin x := tammat (1, n, i, PVv);

if abs (x) < tol then
if nl =1 then r[i,j] fi,3]
else rli,j] :=x
end;
for i :=nl + 1 to n do
r[i,j] := tammat (1, n, i, W)

end

~ (x preuh *)3

cedure pstv2 (var p,r: matl);

var i, j: inxl;

‘in

for i := 1 to nl do

begin

for j :=1 to ni do pli,jl




for j :=ni + 1 to nl do
pli,j] := s[j] % u2[i,j]
end; )
for i := nl + I'EQ.H.QQ

iﬁ ni <> nl then

for j :=1 to ni do

pli,j] := matmat (1, nl, i, j, r,

for j :=ni + 1 to nl do

p[i;j] := matmat (1, nl, i, j, r,
end else

for j :=1 to nl do p[i,j] := r[i,j]

(» pstv2 *);

cedure storepv (var p: matl);
var i, j: inxl;
in
if first then
>egin first := false;
for i :=1 to n do

for j := 1 to ni do

pvli,j+num] := v1[i,j]

231 else

lor i :=1 ton do

‘or j := 1 to ni do

wli,j+num] := matmat (1, n, i, j, v!

(* storepv *);

cedure supervisor (var p, r: matl);
in

storepv (r);

>reuh (r);

um := num + hi;

11 := svdsort (r, u2, v2, nl, s);

if ni > 0 then

regin

sigma

mali]




"~

pstv2 (p,r);
supervisor (r,p)
end

end (*x supervisor *);
:gin (x gradevec *)
list := nil; first := true;

with aux do

begin min := giant; max := 0 end;
for i := 1 to n do ali,i] := ali,i] - lambda;
nl := svdsort (a, ul, vl, n, sigma);

if nl > 0 then

num := col - 1; ni := nl;
supervisor (p,r);
ptA.next := nil

end;

for i := 1 to n do ali,i] := a[i,i] + lambda

id (x gradevec x);

. NUMERICAL RESULTS

In this section we shall list some numerical results of the pr
iscussed in section 4.

Though the function schur calculates both real and complex eig
f a real general matrix, we have merely tested matrices with real
1lues, especially matrices with real multiple eigenvalues.

One of the most difficult practical problems is to recognize c
f eigenvalues. For this reason, we shall list the minimum number o
igits of the computed eigenvalues of defective and/or derogatory t
rices. These values could be an indication for the cluster toleran

Furthermore, we have compared the number of QR-single and QR-d
terations performed to calculate all eigenvalues with the number o
ions performed if only QR-double iterations are used, to see if it

hile to include single QR steps.

es

es

ect

‘q-

rth-
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Finally, some notes on the results of the procedure gradevec are given,

especially on the interaction between the determination of the clusters and

the number of grade vectors associated with the mean eigenvalue of such a

cluster.

5.1. The test matrices

Unfortunately in the literature, only a few examples are known of ma—

trices with multiple eigenvalues. In GREGORY and KARNEY [3], some methods

are discussed to generate test matrices. We have created a collection of

test matrices in the following way:

Let J be an n-th order matrix in J.c.f.. Premultiplying J by a matrix

X and postmultiplying it by the inverse of X, we obtain a matrix A of order

n, such that

A= XJX 1.

Hence, in particular J is the J.c.f. of A.

For X we have chosen the matrix defined by X =

X.. = X.., = n+l-i, if i 2 j.
ij ji
The inverse of X is defined by Xm1 = [xij], where
X, = 1, X5 = 2, (i=2,...,n)
i1 S ¥4 < 1, (i=2,...,n)
.. =0, otherwise
1]

(see example 3.12 of GREGORY and KARNEY [3]).

[x..], where
1]

In our tests we selected matrices from the following five classes:

I matrices of order k Wlth only one multiple elgenvalue A and the non-

linear divisor (A=) )

ITI matrices of order 10 w1th only one multiple eigenvalue Al, one non-

linear divisor (A-X ) and (10-k) linear divisors (A- Al).




S

IT matrices of order 10 with'two multiple eigenvalues \; and Az, and, two
corresponding nonlinear divisors (A—A])k and (A—Az)lo_k

V  other matrices of order 10 with one or more multiple eigenvalues and
one or more linear and nonlinear divisors

some test matrices of GREGORY and KARNEY [3].
.2. Sorting the eigenvalues

The function schur calculates the eigenvalues of a real matrix, which
ay be both complex or real. However, these eigenvalues are not sorted. In
UHE [8], a method is described to sort the eigenvalues. The following pro-

ess is suggested (for complex eigenvalues):

Aﬂ = A, (5.2.1)

= min |A! - A
i<k

k =n,...,2).

ALy = A

"

Each time, when Ai # Ak the eigenvalues are interchanged. After the
orting possibly close eigenvalues will appear together, since each time
t is sure that the next eigenvalue chosen is the one closest to the al-
eady sorted eigenvalues. We use another process, however.

Because of the restriction of procedure gradevec, which can only be
sed in case of a real eigenvalue, we are only interested in clusters of
eal eigenvalues. However, if one calculates the real eigenvalues of a matrix
y means of the function schur, it may happen, that one obtains a pair of
omplex conjugate eigenvalues with a small imaginary part. So, one has to
onvert such a complex pair into a double real one.

A method, that can be used, is to take the norm of the eigenvalue.
nother method is to neglect the small imaginary part. We prefer the latter,
ince from numerical results, it appears, that the computed trace of matrix
f order n with only one multiple eigenvalue A is exactly equal to n times
. For this reason, we shall first convert the complex eigenvalue into a
eal one by neglecting the imaginary parts, and subsequently sort the eigen-—
alues, starting with the smallest one. /

In view of this the function schur does not contain a sorting process.
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5.3. The perturbation of eigenvalues

After the eigenvalues are calculated and sorted, we wish to recognize
clusters. The exact eigenvalues of our test matrices are known, so, it is
not difficult to recognize which ones belong together. However, in practice,
the eigenvalues are unknown, so, one needs a satisfactory criterion to de-
cide, which eigenvalues form a cluster.

In WILKINSON [10, pp.72-81] a perturbation theory based on Gershgorin's
theorem is discussed. Wilkinson distinguishes five main cases. The first
two cases relate to non-defective matrices. The third case concerns the
perturbation of a simple eigenvalue of a defective matrix. Wilkinson proves,
that the presence of a non-linear divisor makes no essential difference to
the behaviour of a simple eigenvalue.

In relation with the last two main cases, dealing with the perturbation
of multiple eigenvalues of defective matrices, Wilkinson derives the follow-

ing theorem:

THEOREM 5.3. Let the elementary divisors corresponding to A be

r r

Lo ?

rS
(A =2) seees (A1)

1

where

If the matrix elements are perturbed by values in magnitude < e, then for

sufficiently small e their lies at least onme \ in a disc centre \, and radius

K, es/t for some value of K. On the other hand all the correspon;ing per-—
turbed eigenvalues lie in a disc centre Al of radius K, e]/r for some K,-
As a consequence of this theorem we may say, that the presence of a
nonlinear divisor (AI—A)r effects the behaviour of an éigenvalue correspond-
ing with a linear divisor (AI-A), in contrary with a simple eigenvalue. More-
over, we may conclude, that the maximum perturbation of an eigenvalue of a
natrix of class I of order k, is of the same order, i.e. él/k, as the maxi-
num perturbation of an eigenvalue of a matrix of class II with a nonlinear

divisor of order k.
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In table 5.3.1 we list the computed maximum perturbation of the eigen-
ralues of class I, II and III (calculated by means of the function schur,
there aux.tol = 1E-10). In the first column the order of the nonlinear divi-
or is given. The perturbation is represented by the minimum number of sig-
iificant digits; i.e. max - lologlxl-xil, where the Ai's are the computed
vigenvalues. For A, the value 2 is chosen. In case of a matrix of class III

1
= 2 and A, = 3.

'1 2

U/

e s I IT III A, =2 |III A, =3
10 1.99 1.99 1.99 —_
9 2.29 2,01 2.12 exact
8 2.39 2.32 2.34 exact
7 3.54 3.49 2.83 4.69
6 4.68 3.60 3.68 3.53
5 6.38 5.08 4.93 2.65
4 6.47 6.07 10.13 2.49
3 exact 5.69 exact 2.00
2 exact . 5.77 1.87
1 exact 2.13

Table 5.3.1

From table 5.3.1, it appears, that in case of a nonlinear divisor of
rder 10, at least a tolerance of order 1E-1 is required to recognize only
ne cluster with an eigenvalue of multiplicity 10.

Some of the results have been compared with the results from procedure
eigrf, i.e. a PASCAL-FORTRAN interface procedure from NUMPAS [6], which
alls the subroutine .eigrf of the IMSL-library [4]. The perturbations of
he eigenvalues calculated by means of the function schur appear to be
maller, but not in the order of a whole significant digit.

GOLUB and WILKINSON [2] suggested, that the computed eigenvalues are

robably not the best values to use. If, for example, a matrix A has a well-
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defined J.c.f. and there is just one block Jr(Al) associated with Xl’ one
will expect the computed Ai to include a set of r values which, though not
particularly close to Al will be such that their sum is very close to rA].
It appears that (though the results seem to be rather bad) in all test-
ed cases, the mean value of a well-chosen cluster, is exactly equal to the

exact eigenvalue.
5.4. The number of QR-iterations performed

During the test phase of the function schur, it was possible to cal-
culate the eigenvalues using only QR-double iterations or using a combina-
tion of QR-single and QR-double iterations (as described in section 4.3).
Though a QR-double iteration is mathematically equal to two QR-single iter-
ations, the number of operations is not twice as much; one QR-single iter-
ation takes 4n2 operations and a QR-double iteration 5n2. For this reason,
the number of operations has been taken into account at the decision, which
method is preferable.

The results were rather surprising. In some cases the total number of
iterations of the combination method is considerably smaller than the num-
ber of iterations, when only QR-double iterations are used. However, the
reverse also happens in a few cases.

In spite of this surprising behaviour, the combination method seems to
be preferable. The average number of iterations was about four per eigen-
value. It is worth mentioning, that both methods give rise to about the

same accuracy of the eigenvalues.
5.5. Notes on the procedure gradevec

As is mentioned previously, the procedure gradevec calculates the
grade vectors corresponding with one particular eigenvalue. Moreover, by
means of this procedure, one can determine the J.c.f. of a matrix.

Since we know the J.c.f. of all matrices used (see section 5.1) we
could easily verify the results.

The process to calculate the grade vectors terminates when no more
singular values are found smaller than an absolute tolerance. The problem

is to choose a suitable value for this tolerance.
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First of all, we have examined all singular values that have been
:alculated during the process. In case of an exact eigenvalue, it is not
jifficult to decide, which singular values may be regarded as zero. By means
>f the values of aux.max and aux.min, we observed, that no singular values
vere found in the interval [1E-12,1E-4].

If the eigenvalue is not very close to the exact eigenvalue, the dis-
tinction between singular values that may be regarded as zero, and those,
that may not, is not obvious at all.

The number of vectors found strongly depends on the chosen tolerance.
Jne way to decide how many vectors belong to one particular eigenvalue is
to compare the order of the cluster associated with that eigenvalue. How-
sver, it may well be possible that the cluster size is wrong. For this
reason, the process does not terminate when enough vectors, corresponding
vith the cluster format, are found. If the quotient aux.min/aux.max is
sufficiently large, there is a good reason to assume that the number of
vectors found corresponds with the J.c.f; moreover, that particular eigen-

value is then very close to an exact eigenvalue.

5.6, Numerical results

In this section we list results of two numerical examples. The first
>ne has been used earlier in the literature, the second one is a matrix of

xlass IV formed accordingly to the description of section 5.1.

ixample I.
This matrix is discussed in GREGORY and KARNEY [3]. It has a well-defined

Jordan form with a 5-fold eigenvalue 2.0 with n, = 2, n, = 2 and n, = 1

(for the meaning of n. see section 3.1) and a 41fold eizenvalue 3.8 with

1 = 2 and n, = 2 and finally a single eigenvalue 1.0. The eigenvalues are
ralculated by means of the function schur with aux.tol = aux.correction =
IE-10. After 7 QR-double and 16 QR-single iteration steps, we obtained all
sigenvalues. The values listed here are already sorted and the small imagin-
ary parts (maximum = 3.85E-7) were neglected. The second column contains

the eigenvlaues as listed in RUHE [8].
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schur ' Ruhe
..000 000 817 784 9 E+0 1.000 000 0 + 0.000 000 Oi
..000 000 000 000 O E+0 2,999 844 9 + 0.000 000 Oi
.000 000 000 000 O E+0 3.000 155 1 + 0.000 000 Oi
.999 999 182 214 6 E+0 3.000 155 1 + 0.000 000 Oi
.000 000 208 962 2 E+0 2.999 844 9 + 0.000 000 Oi
.000 000 000 000 0O E+0 1.999 009 1 - 0.000 082 6i
.000 000 000 000 0O E+0 2.000 330 0 + 0.000 764 4i
.999 999 999 999 9 E+0 2.000 660 9 - 0.000 681 9i
.999 999 791 037 9 E+0 2.000 000 O + 0.000 043 9i
.000 000 000 000 2 E+O 2.000 000 0 - 0.000 043 9i

he eigenvalues of the second column are calculated by means of a QR-
thm with complex arithmetic and sorted according to (5.2.1).

ith a cluster tolerance of 1E-5, we recognize 3 clusters. In table
the results from gradevec (aux.tol = 1E-10) are listed. In the first

. the mean value of the clusters (schur) is given.

. . aux.min
igenvalue n aux.min aux.max —_—
1 aux.max
.000 000 000 000 2 1 3.604E-2 2.525E-14 1.427E+12
.000 000 000 000 O 2 9.637E-2 4.429E-14 2.175E+12
.999 999 999 999 9 2 1.592E-2 1.206E-14 1.320E+12
Table 5.6.1

e II.
e formed this matrix of class V accordingly to the description of sec-—
.1. It has a 10-fold eigenvalue 2.0 and elementary divisors (2-A)7,

and (2-1); this implies n, =3, n, = 2, n, =n, = n_ = n, =mn, = 1.

1 2 3 4 5 7
gain the eigenvalues were calculated by means of the function schur

ol = aux.correction = 1E-10):




+0

1. 2.001 452 022 470 0 E+0 6 1.999 999 999 999 8 E+0
2. 2.001 452 022 470 0 E¥O 7 1.999 999 157 063 0 E+0
3. 2.000 000 842 937 1 E+0 8. 1.999 445 010 646 6 E+0
4. 2.000 000 000 000 3 E+0 9 1.999 445 010 646 6 E+0
5. 1.999 999 999 999 8 E+0 10. 1.998 205 933 766 3 E+0

The maximum neglected imaginary part is 1.71E-3. According to table
5.3.1 we need at least a cluster tolerance of 1E-2 to recognize only one
:luster with an eigenvalue of multiplicity 10. However, in this case we
:hoose the cluster tolerance to be 1E-5. So, we obtain 4 clusters. It is
:lear, that the mean value of each cluster is now not exactly equal to the

:igenvalue 2.0. In table 5.6.2 the results of procedure gradevec with aux.

tol = 1E-10 are listed.

El Ea b\ n_|n,{n,(n, In_|n,|n_ | aux.min aux.max aux.min
° e 1 1 27345/ 6|7 aux.max
)

"

L 1 |1.9982059337663| 1| 1| 1 4.213E-9 | 7.544E-12 | 5.585E+2
[I |2 |1.9994450106466| 1| 1| 1 2.410E-10 | 9.367E~-14 | 2.573E+3
[II|5 | 2.0000000000000| 3| 2| 1 1 |2.072E-2 | 3.810E-14 | 5.438E+11
IV |2 |2.0014520224700| 1| 1| 1 0 |2.180E-9 | 3.291E-12 | 6.624E+2

Table 5.6.2

It can be easily verified, that with another value of aux.tol we obtain
1ore or less vectors. For example, if we take aux.tol equal to 1E-8, we ob-
:ain at least one extra grade vector in case of the clusters I, IT, and IV,
thile cluster III seems to be less sensitive for changes of aux.tol.

Suppose, the number of vectors is restricted by order of the cluster,
‘hen we obtain 6 vectors of grade 1 and 4 of grade 2. Mofeover, these vec-
.ors are approximately linearly dependent.

From both examples, it appears, that if the quotient aux.min/aux.max

s sufficiently large (in order of magnitude of about 1E+10), the procedure




gradevec yields exactly the correct number of gr
the J.c.f.. Moreover, if this quotient is not la
[T in case of clusters I, II and IV, the number
fit the cluster size. However, since the quotien
ter IIT is sufficiently large, we may conclude,
cluster is very close to an exact eigenvalue and
vec, one obtains the correct number of grade vec
Instead of changing the parameter aux.tol o
appears to be better, to change the cluster size
>rder 10, the mean value of this cluster is exac
>f cluster III. The grade vectors obtained corre

the desired vectors.
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